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1 Highlights

• RyR opening in dendritic spine ER is location dependent and spine geometry dependent.

• Ca2+ buffers and SERCA can buffer against runaway potentiation of spines even when CICR is activated.

• RyRs located towards the ER neck allow for more Ca2+ to reach the dendrites.

• RyRs located towards the spine head are favorable for increased Ca2+ in spines.

2 Abstract

Dendritic spines are small protrusions on dendrites in neurons and serve as sites of postsynaptic activity. Some of

these spines contain smooth endoplasmic reticulum (SER), and sometimes an even further specialized SER known as

the spine apparatus (SA). In this work, we developed a stochastic spatial model to investigate the role of the SER and

the SA in modulating Ca2+ dynamics. Using this model, we investigated how ryanodine receptor (RyR) localization,

spine membrane geometry, and SER geometry can impact Ca2+ transients in the spine and in the dendrite. Our

simulations found that RyR opening is dependent on where it is localized in the SER and on the SER geometry. In

order to maximize Ca2+ in the dendrites (for activating clusters of spines and spine-spine communication), a laminar

SA was favorable with RyRs localized in the neck region, closer to the dendrite. We also found that the presence of

the SER without the laminar structure, coupled with RyR localization at the head, leads to higher Ca2+ presence in

the spine. These predictions serve as design principles for understanding how spines with an ER can regulate Ca2+

dynamics differently from spines without ER through a combination of geometry and receptor localization.
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Figure 1: Graphical abstract. Factors governing the dynamics of Ca2+ in dendritic spines include plasma membrane
geometry, RyR distribution and ER laminarity.

3 Introduction

Communication between two neurons occurs at the synapse, which consists of three parts: a presynaptic terminal on

one neuron, the postsynaptic site of another neuron, and the synaptic cleft between them. Dendritic spines are small

protrusions (0.04 to 0.29 µm3 (1, 2 )) located along the dendrite of the neuron receiving the signal (postsynaptic sites).

The biochemical machinery initiated by the release of neurotransmitters activates multiple biochemical reactions

within the spines (3 ), which play an important role in learning and memory formation (4 ). Dendritic spines are

highly dynamic structures, capable of changing their size and shape in response to synaptic activity (5–7 ), and these

alterations may affect learning and memory formation (8, 9 ). Spines also come in different shapes and sizes and spine

geometry is thought to impact synaptic plasticity (1, 4, 10–12 ). Ca2+ dynamics are a key determinant of learning

and memory formation in spines as they regulate several mechanisms such as activation of Ca2+ sensitive proteins

as Ca2+/calmodulin-dependent kinase type II (CaMKII), synaptic plasticity, and synapse-to-nucleus communication

(13, 14 ).
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Synaptic Ca2+ signals are generated upon membrane depolarization as a response to release of glutamate from the

presynaptic terminal (14 ). This allows for the activation of N-methyl-D-aspartate receptors (NMDAR) resulting in an

influx of Ca2+. The voltage sensitive Ca2+ channels (VSCC) located on the plasma membrane of dendritic spines are

an additional source for cytosolic Ca2+. In response to this Ca2+ influx, plasma membrane Ca2+-ATPase (PMCA)

pumps and Na+-Ca2+ exchangers (NCX) remove the cytosolic Ca2+ out of the spine (Figure 2A). Intracellular Ca2+

stores can also modulate the levels of cytosolic Ca2+ concentrations, for example the endoplasmic reticulum (ER),

which is the largest intracellular Ca2+ storage organelle in eukaryotic cells (15 ) (Figure 2A). Additionally, a subset of

dendritic spines (around 48% of adult spines) contains smooth endoplasmic reticulum (SER) (2 ). A specialized form

of the SER, called the spine apparatus (SA) (16, 17 ), is identified by its characteristic laminar structure of stacked

SA discs (17 ) and is found in about 10-20 % of adult spines (2 ). Spacek and Harris showed that the presence of SA

is more prevalent in mature mushroom-shaped spines (2 ). The actin-associated protein synaptopodin is necessary for

SA formation since it localizes to the F-actin matrix in between the SA discs (18 ). Due to its capacity for storing

Ca2+, the SA has been suggested to play an important role in synaptic plasticity and Ca2+ signalling (16, 18 ). Ca2+

is stored in the SA via the sarco/endoplasmic reticulum Ca2+-ATPase (SERCA) pump, while Ca2+ is released from

the SA through the inositol 1,4,5 triphosphate receptor (IP3R) and the ryanodine receptor (RyR). Cytosolic Ca2+

ions activate RyRs and IP3Rs which allows for further Ca2+ release into the cytosol, a process known as Ca2+-induced

Ca2+ release (CICR).

The localization of these receptors varies within the brain, with IP3Rs being more prevalent in dendritic shafts and

RyRs more common in dendritic spines, as shown by Sharp et al. using immunohistochemistry (21, 22 ). Although the

effect of IP3Rs on plasticity has been extensively studied (22–24 ), the role of RyRs on synaptic plasticity remains to

be fully explored. Korkotian and Segal have studied the role of the SA in Ca2+ dynamics using flashed photolysis of

caged Ca2+ inside dendritic spines (22, 25 ). They observed a second peak of cytosolic Ca2+ in spines with SA after

flash photolysis of caged Ca2+ in dendritic spines; this second peak was not present in those spines lacking SA. When

an RyR antagonist was used, the second peak was abolished in SA-containing spines (22, 25 ). RyR localization within

dendritic spines has been recently studied. Vlachos et al. showed experimentally the colocalization of the RyRs with

synaptopodin (26 ) while Basnayake et al. (27 ) showed using super-resolution stimulated emission depletion imaging,

in both cultured rat neurons and mouse hippocampal brain slices, that RyRs tend to be located on the lower part

of the SA towards the base of the spine neck. However, the exact contribution of the SER, the SA and the localized

pools of RyRs to synaptic plasticity and Ca2+ dynamics in intracellular signaling remains unclear (28 ).

Computational models can augment our understanding of the role of the SA and the RyRs on Ca2+ dynamics in

dendritic spine communication. Breit et al. used a deterministic model to establish the importance of a SA with

Ca2+ releasing receptors (RyRs and IP3Rs) in order for Ca2+ to reach the dendrites and thus allow spine-to-dendrite

communication (29 ). Due to the small volume of spines, the use of stochastic models including particle diffusion

instead of deterministic models has been deemed preferable (19, 30, 31 ). Therefore, Bell and Holst et al. used a

stochastic model to study the effect of spine shape and SER morphology on synaptic weight (4 ). Bell et al. used a

physiological stimulus based on glutamate release from a presynaptic terminal and membrane depolarization (4 ) to

investigate how the volume-to-surface area of the spine modulates changes in synaptic strength on both spines without

SER and on spines containing a passive SER. Separately, Basnayake et al. (27 ) also included stochastic simulations to

show that more Ca2+ reaches the dendrite when the RyRs are located towards the lower part of the spine apparatus.
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Figure 2: Overview of the model and geometries used to investigate the role of the SER and spine
apparatus in regulating Ca2+ dynamics. A: Schematic of the molecular components, currents, and receptors
included in this model. On the left, the spine apparatus is not included. On the right, a spine apparatus with RyRs and
SERCA is included in the spine. The shaded part at the spines represents the postsynaptic density (PSD). This panel
was generated using Biorender.com. B: The stimulus is modeled as glutamate release coupled with a simultaneous
change in membrane potential characterized by an excitatory postsynaptic potential (EPSP) and a back-propagating
action potential (bAP) as described in (4 ) and (19 ). C: The four different geometries used in this work consider both
an idealized (10 ) and a realistic plasma membrane generated from experimental images (20 ), along with a non-laminar
SER and a laminar SER representing the SA.

These studies highlight open questions about the impact of spine geometry, SER and SA geometry, and RyR lo-

calization on Ca2+ dynamics in spines and dendrites. For example, how does RyR localization on the SER affect

Ca2+ dynamics? What configurations of SER geometry and RyR localization give rise to increased Ca2+ in the spine

head? In the dendrite? To investigate the crosstalk between the geometric features listed above and Ca2+ dynamics,

we developed a stochastic computational model of the main molecular components in spines with a focus on RyR-

mediated CICR. In our model, we considered the role of RyR clustering inspired by work in cardiomyocytes (32–34 )

and the role of RyR localization based on experimental observations (27 ). Since the ER and the spine have unique

shapes (10, 16, 17 ), we also investigated how the geometries of both the spine head and the ER (non-laminar and SA)

could impact the RyR-driven Ca2+ dynamics using idealized and realistic geometries. Our simulations reveal complex

rules for Ca2+ handling in dendritic spines and dendrites, foremost among which is that spine geometry and spine
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apparatus laminarity, in combination with receptor localization, govern RyR-mediated Ca2+ dynamics in spine heads

and dendrites. This interplay is also affected by SERCA dynamics and Ca2+ buffering, which play important roles

in modulating Ca2+ in spines and in dendrites. Taken together, these results provide novel insights into geometrical

nuances and transport phenomena that ultimately affect downstream signal propagation in neurons.

4 Model development

In this work, we developed a stochastic spatial particle-based model that incorporates RyR dynamics into a previously

described Ca2+ framework (4, 19 ). In the following section we explain the details, methods, and assumptions taken

with regard to model development. The receptors and channels considered in the model are depicted in Figure 2A.

This section is divided as follows: first, we describe the equations used for the receptors at the plasma membrane.

Then, we explain the equations in the cytosol and those used for describing the receptors used in the ER/SA. In the

last two sections we describe the geometries used in this work, followed by the stimulus and further simulation details.

An overview of all the equations used is given in Table 1 and in Section 4.3.1 for the RyR equations. The parameters

used are summarized in Table 2. The model was implemented in the spatial, stochastic, particle-based framework

MCell4 (37 ) in order to capture the stochasticity due to particle diffusion in small volumes such as spines. Since most

of the equations were derived from Bell et al. (4 ), who developed their model using MCell3, we compared their results

with our implementation of the model in the latest version of MCell to ensure that the results matched, see Figure

S1. Additionally, an ODE version was implemented in MATLAB (38 ) to allow for the optimization of specific global

parameters.

4.1 Receptors at the plasma membrane

Most of the plasma membrane transport mechanisms and equations are described in Bell et al. (4 ). For completeness,

in the following sections, a brief description for each module is given.

4.1.1 NMDAR receptors

As in (4 ) we assume the N-methyl-D-aspartate receptor (NMDAR) model proposed by Vargas-Caballero et al. (35 ).

The model equations and kinetic rates are obtained from (35 ) and shown in Tables 1 and 2, respectively. A schematic

of the NMDAR reaction rate model is given in Figure 4B. The NMDARs are located in the postsynaptic density

(PSD) with surface density of 150 µm–2. As described in (4 ), Ca2+ influx into the cytosol through open NMDARs is

determined by the following reaction:

NMDAR
kN(V)

NMDAR+Ca2+cyto , (1)

where kN(V) is a voltage-dependent rate given by the following expression:

kN(V) = γNMDAR · Vm(t) – Vr

2 · qe
, (2)

where qe is the elementary charge. Two further reaction rates, kU(V) and kB(V), which represent the change between
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Table 1: Chemical reactions used in the model, with the exception of the the RyR equations, which are listed in
Section 4.3.1

Reactions for NMDAR Ref.

NMDAR0 + glut.
kN,C0C1

kN,C1C0
NMDAR1 (35 )

NMDAR1 + glut.
kN,C1C2

kN,C2C1
NMDAR2 (35 )

NMDAR2
kC2D

kDC2
NMDARD (35 )

NMDAR2

kN,C20

kN,0C2
NMDAR (35 )

NMDAR
kN(Vm)

NMDAR+Ca2+cyto (35 )

NMDARB
kU(Vm)

kB(Vm)
NMDAR (35 )

NMDAR2B
kC20b

k0C2b
NMDARB (35 )

NMDAR2B
kC2D

kDC2
NMDARDB (35 )

NMDAR1B + glut.
kN,C1C2

kN,C2C1
NMDAR2B (35 )

NMDAR0B + glut.
kN,C0C1

kN,C1C0
NMDAR1B (35 )

Reactions for AMPAR Ref.

AMPAR0 + glut.
kA,C0C1

kA,C1C0
AMPAR1 (36 )

AMPAR1 + glut.
kA,C1C2

kA,C2C1
AMPAR2 (36 )

AMPAR2

kA,C20

kA,C02
AMPAR (36 )

AMPAR1
kC1C3

kC3C1
AMPAR3 (36 )

AMPAR3 + glut.e
kC3C4

kC4C3
AMPAR4 (36 )

AMPAR2
kC2C4

kC4C2
AMPAR4 (36 )

AMPAR4
kC4C5

kC5C4
AMPAR5 (36 )

AMPAR5
kC50

k0C5
AMPAR (36 )

Reactions for VSCC Ref.

VSCC0
a1(Vm)

b1(Vm)
VSCC1 (19 )

VSCC1
a2(Vm)

b2(Vm)
VSCC2 (19 )

VSCC2
a3(Vm)

b3(Vm)
VSCC3 (19 )

VSCC3
a4(Vm)

b4(Vm)
VSCC (19 )

VSCC
kCa(Vm)

VSCC+ Ca2+cyto (19 )

Reactions for PMCA Ref.

Ca2+cyto + PMCA
kP1

kP2
PMCA1 (19 )

PMCA1
kP3

PMCA (19 )

PMCA
kP,leak

PMCA+Ca2+cyto (19 )

Reactions for NCX Ref.

Ca2+cyto +NCX
kN1

kN2
NCX1 (19 )

NCX1
kN3

NCX (19 )

NCX
kN,leak

NCX+Ca2+cyto (19 )

Reactions for Ca2+ buffers Ref.

Ca2+cyto +Bf

kBf,on

kBf,off
CaBf (4 )

Ca2+cyto +Bm

kBm,on

kBm,off
CaBm (4 )

Reactions for Ca2+ decay Ref.

Ca2+cyto
kd ∅ (4 )

Reactions for SERCA Ref.

SERCAx +Ca2+cyto
kx0x1
kx1x0

SERCAx1 (19 )

SERCAx1 +Ca2+cyto
kx1x2
kx2x1

SERCAx2 (19 )

SERCAx2

kx2y2

ky2x2
SERCAy2 (19 )

SERCAy2

ky2y1

ky1y2
SERCAy1 +Ca2+ER (19 )

SERCAy1

ky1y0

ky0y1
SERCAy +Ca2+ER (19 )

SERCAy

ky0x0

kx0y0
SERCAx (19 )

Ca2+ER
kS,leak

Ca2+cyto (4 )
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the states NMDAR and NMDARB are also dependent on the transmembrane potential (Figure 2B) and as in (19 )

are given by the following expressions:

kU(V) = 10800 · exp
(
Vm(t)

47

)
, (3)

kB(V) = 1200 · exp
(
–Vm(t)

17

)
. (4)

4.1.2 AMPAR receptors

It has been shown that 90% of hippocampal neurons contain GluA2 subunit (39 ), which characterizes the imperme-

ability of α-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid receptors (AMPARs) to Ca2+. Therefore, our model

does not include Ca2+ flux through AMPARs. Rather, AMPARs serve as glutamate buffers to simulate glutamate

binding competition with NMDARs. The model of Jonas et al. (36 ) was used to simulate the binding of glutamate

to AMPAR. We assumed an AMPAR density of 1200 µm–2 as described in (4, 19 ). AMPAR receptors were located

only at the PSD.

4.1.3 VSCC receptors

Voltage sensitive Ca2+ channel (VSCC) dynamics are based on a 5 state model proposed in (4, 19 ). The kinetic rate

constants within these states are voltage dependent. We use the same density assumption as in (4 ) of 2 µm–2 based

on measurements in apical dendrites (40 ).

The VSCCs also allow for an influx of Ca2+ once they are open which is defined by the following equation:

VSCC
kVSCC

VSCC+ Ca2+cyto . (5)

The rate kVSCC(Vm(t)) is membrane potential-dependent and given by the following expression:

kVSCC(Vm(t)) =
γVSCC ·NA

(
0.393 – exp

(
–Vm(t)
80.36

))
2 · F

(
1 – exp

(
–Vm(t)
80.36

)) . (6)

In addition, the reaction rate ai(Vm(t)) and bi(Vm(t)), describing the changes between VSCC states also depend on

the transmembrane potential and are given by the following expressions:

ai(Vm(t)) = αi · exp
(
Vm(t)

Vi

)
, (7)

bi(Vm(t)) = βi · exp
(
Vm(t)

Vi

)
, (8)

(9)

where αi, βi and Vi are specific parameters given in Table 2. The VSCCs were assumed to be homogeneously

distributed in the spine plasma membrane.
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4.1.4 PMCA, NCX and fixed buffers

For modeling PMCA, NCX, and fixed buffers on the plasma membrane, the same equations and parameters as in (19 )

and (4 ) were used. The PMCAs and NCXs were homogeneously distributed along the entire plasma membrane with

a receptor density of 998 µm–2 and 142 µm–2, respectively. The fixed Ca2+ buffers were homogeneously distributed

in the spine plasma membrane with a density of 4791 µm–2.

4.2 Equations in the cytosol

We included two reactions occurring in the cytosol. These reactions are Ca2+ binding to mobile buffers as described

in (43 ) and a decay term for Ca2+ to capture other Ca2+ buffering events in the cytosol. The decay parameter kd

was optimized using the ODE version of the model to match experimental data, see Section 4.4.

4.3 Receptors at the smooth ER membrane

In this section we describe the receptor equations for RyRs and SERCA which are the receptors located at the smooth

ER membrane. Our model only considers RyRs but not IP3Rs based on Spacek et al. (2 ), where they showed that

RyRs are more common in dendritic spines while IP3Rs in the dendritic shaft.

4.3.1 RyR

RyR dynamics The presence of ryanodine receptors in neurons is well known (21, 44–47 ). However, to the

authors’ knowledge, there is no existing mathematical model that has been specifically designed to match neural

RyR experimental data. Therefore, to simulate the effects of RyRs in dendritic spines we used the cardiac model

formulated by Tanskanen et al. (41 ). This model adaptations allow to use the 4 state model (closed RyRC, open

RyRO, closed inactivated RyRCI and open-inactivated RyROI) from Stern et al.(48, 49 ) in particle-based modelling.

It is additionally assumed that each RyR contains 4 Ca2+ binding activating sites (RyR(a)) and 4 Ca2+ binding

inactivating sites (RyR(i)). Thus, each of the original 4 states has different possible substates depending on the

number of Ca2+ ions bound to the activating and inactivating sites RyRjs(a ∼ ja, i ∼ ji) with js = {C,O,CI,OI}

representing the 4 states, ja = {0, 1, 2, 3, 4} representing the number of Ca2+ molecules bound to the activating sites,

and ji = {0, 1, 2, 3, 4} representing the number of Ca2+ molecules bound to the inactivating sites. Therefore counting

states and substates (the substates are given by the number of Ca2+ ions bound to the different sites) the modified

model contains 100 possible states, instead of 4. The following reactions represent cytosolic Ca2+ binding to the

activating sites of the RyRs, independently of how many molecules are bound to the inactivating sites. The reaction

rate constants are given in Table 2.
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Table 2: Reaction rates and parameters used for the simulation.

Parameters for NMDAR

Name Value Ref.

kN,C0C1 2 · 107 (Ms)–1 (19 )

kN,C1C0 11 s–1 (19 )

kN,C1C2 1 · 107 (Ms)–1 (19 )

kN,C2C1 22 s–1 (19 )

kC2D 16.8 s–1 (19 )

kDC2 3.6 s–1 (19 )

kN,C20 93 s–1 (19 )

kN,0C2 183.2 s–1 (19 )

kC20b 97 s–1 (19 )

k0C2b 574 s–1 (19 )

kN(V) γN · Vm(t)–Vr

2·qe s–1 (4 )

γN 4.5 · 10–15 S (4 )

Vr 3 mV (4 )

kU(V) 10800 · exp
(
Vm(t)
47

)
s–1 (19 )

kB(V) 1200 · exp
(
–Vm(t)

17

)
s–1 (19 )

Parameters for AMPAR

Name Value Ref.

kA,C0C1 9.18 · 106 (Ms)–1 (19 )

kA,C1C0 8520 s–1 (19 )

kA,C1C2 5.68 · 107 (Ms)–1 (19 )

kA,C2C1 6520 s–1 (19 )

kA,C20 8480 s–1 (19 )

kA,C02 1800 s–1 (19 )

kC1C3 5780 s–1 (19 )

kC3C1 78.4 s–1 (19 )

kC3C4 2.54 · 106 (Ms)–1 (19 )

kC4C3 91.4 s–1 (19 )

kC2C4 344 s–1 (19 )

kC4C2 1.45 s–1 (19 )

kC4C5 33.6 s–1 (19 )

kC5C4 380.8 s–1 (19 )

k0C5 35.4 s–1 (19 )

kC50 8 s–1 (19 )

Parameters for VSCC

Name Value Ref.

ai(V) αi · exp
(
Vm(t)
Vi

)
(19 )

bi(V) βi · exp
(
Vm(t)
Vi

)
(19 )

α1 8080 s–1 (19 )

α2 13400 s–1 (19 )

α3 8780 s–1 (19 )

α4 34700 s–1 (19 )

β1 5760 s–1 (19 )

β2 12600 s–1 (19 )

Parameters for VSCC

Name Value Ref.

β3 16300 s–1 (19 )

β4 3680 s–1 (19 )

V1 49.14 mV (19 )

V2 42.08 mV (19 )

V3 55.31 mV (19 )

V4 26.55 mV (19 )

Parameters for PMCA

Name Value Ref.

kP1 1.5 · 108 (Ms)–1 (19 )

kP2 15 s–1 (19 )

kP3 12 s–1 (19 )

kP,leak 4.3 s–1 (19 )

Parameters for NCX

Name Value Ref.

kN1 3 · 108 (Ms)–1 (19 )

kN2 300 s–1 (19 )

kN3 600 s–1 (19 )

kN,leak 19.4 s–1 (19 )

Parameters for Ca2+ buffers

Name Value Ref.

kBf,on 1 · 106 (Ms)–1 (19 )

kBf,off 2 s–1 (19 )

kBm,on 1 · 106 (Ms)–1 (19 )

kBm,off 1 s–1 (19 )

Parameters for Ca2+ decay

Name Value Ref.

kd 50 s–1 optim.

Parameters for SERCA

Name Value Ref.

kx0x1 2 · 108 (Ms)–1 (19 )

kx1x0 83.7 s–1 (19 )

kx1x2 1 · 108 (Ms)–1 (19 )

kx2x1 167.4 s–1 (19 )

kx2y2 0.6 s–1 (19 )

ky2x2 0.097 s–1 (19 )

kx0y0 1.2 · 10–3 s–1 (19 )

ky0x0 0.4 s–1 (19 )

ky0y1 12 s–1 (19 )

ky1y0 30.02 s–1 (19 )

ky1y2 6 s–1 (19 )

ky2y1 60.04 s–1 (19 )

kS,leak 0.1608 s–1 optim.

Parameters for RyR

Name Value Ref.

α 650 s–1 (41 )

β 60 s–1 (41 )

γ 5 s–1 (41 )

δ 75 s–1 (41 )

δ′ 600 s–1 (41 )

kIO 250000 s–1 (41 )

kIC 450000 s–1 (41 )

kIU 1 s–1 (41 )

kAB 30000000 s–1 (41 )

kAU 333 s–1 (41 )

kRyR 2 · 108 (Ms)–1 (41 )

Initial receptor densities

Receptor Density Ref.

NMDAR 150 µm–2 (4 )

AMPAR 1200 µm–2 (4 )

VSCC 2 µm–2 (4 )

PMCA 998 µm–2 (4 )

NCX 142 µm–2 (4 )

SERCA 1000 µm–2 (4 )

Bf 4791 µm–2 (4 )

Initial concentrations

Variable Conc. Ref.

[Ca2+]cyto 1 · 10–7 M (19 )

[Ca2+]SA 150 · 10–6 M (42 )

Bm 2 · 10–5 M (4 )
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RyRC(0, ji) + Ca2+cyto
4 kkAB

1 kkAU
RyRC(1, ji) ,

RyRC(1, ji) + Ca2+cyto
3 kAB

2 kAU
RyRC(2, ji) ,

RyRC(2, ji) + Ca2+cyto
2 kAB

3 kAU
RyRC(3, ji) ,

RyRC(3, ji) + Ca2+cyto
1 kAB

4 kAU
RyRC(4, ji) ,

RyRCI(0, ji) + Ca2+cyto
4 kAB

1 kAU
RyRCI(1, ji) ,

RyRCI(1, ji) + Ca2+cyto
3 kAB

2 kAU
RyRCI(2, ji) ,

RyRCI(2, ji) + Ca2+cyto
2 kAB

3 kAU
RyRCI(3, ji) ,

RyRCI(3, ji) + Ca2+cyto
1 kAB

4 kAU
RyRCI(4, ji) ,

RyRO(0, ji) + Ca2+cyto
4 kAB

1 kAU
RyRO(1, ji) ,

RyRO(1, ji) + Ca2+cyto
3 kAB

2 kAU
RyRO(2, ji) ,

RyRO(2, ji) + Ca2+cyto
2 kAB

3 kAU
RyRO(3, ji) ,

RyRO(3, ji) + Ca2+cyto
1 kAB

4 kAU
RyRO(4, ji) ,

RyROI(0, ji) + Ca2+cyto
4 kAB

1 kAU
RyROI(1, ji) ,

RyROI(1, ji) + Ca2+cyto
3 kAB

2 kAU
RyROI(2, ji) ,

RyROI(2, ji) + Ca2+cyto
2 kAB

3 kAU
RyROI(3, ji) ,

RyROI(3, ji) + Ca2+cyto
1 kAB

4 kAU
RyROI(4, ji) .

(10)

The following reactions represent cytosolic Ca2+ binding to the inactivating sites of the RyRs, independently of how

many molecules are bound to the activating sites. Note that the binding rates for cytosolic Ca2+ binding to the closed

states (kIC) is different from cytosolic Ca2+ binding to the open states (kIO).

RyRC(ja, 0) + Ca2+cyto
4 kIC
1 kIU

RyRC(ja, 1) ,

RyRC(ja, 1) + Ca2+cyto
3 kIC
2 kIU

RyRC(ja, 2) ,

RyRC(ja, 2) + Ca2+cyto
2 kIC
3 kIU

RyRC(ja, 3) ,

RyRC(ja, 3) + Ca2+cyto
1 kIC
4 kIU

RyRC(ja, 4) ,

RyRCI(ja, 0) + Ca2+cyto
4 kIC
1 kIU

RyRCI(ja, 1) ,

RyRCI(ja, 1) + Ca2+cyto
3 kIC
2 kIU

RyRCI(ja, 2) ,

RyRCI(ja, 2) + Ca2+cyto
2 kIC
3 kIU

RyRCI(ja, 3) ,

RyRCI(ja, 3) + Ca2+cyto
1 kIC
4 kIU

RyRCI(ja, 4) ,

RyRO(ja, 0) + Ca2+cyto
4 kIO
1 kIU

RyRO(ja, 1) ,

RyRO(ja, 1) + Ca2+cyto
3 kIO
2 kIU

RyRO(ja, 2) ,

RyRO(ja, 2) + Ca2+cyto
2 kIO
3 kIU

RyRO(ja, 3) ,

RyRO(ja, 3) + Ca2+cyto
1 kIO
4 kIU

RyRO(ja, 4) ,

RyROI(ja, 0) + Ca2+cyto
4 kIO
1 kIU

RyROI(ja, 1) ,

RyROI(ja, 1) + Ca2+cyto
3 kIO
2 kIU

RyROI(ja, 2) ,

RyROI(ja, 2) + Ca2+cyto
2 kIO
3 kIU

RyROI(ja, 3) ,

RyROI(ja, 3) + Ca2+cyto
1 kIO
4 kIU

RyROI(ja, 4) .

(11)

The following reactions represent the transition between closed and open RyRs. The RyRs are always able to close

with rate β, independently on how many cytosolic Ca2+ molecules are bound to the activating or inactivating sites.

However for the RyRs to open, at least 4 activation sites must be bound to cytosolic Ca2+.
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RyRC(0, ji)
β

RyRO(0, ji) ,

RyRC(1, ji)
β

RyRO(1, ji) ,

RyRC(2, ji)
β

RyRO(2, ji) ,

RyRC(3, ji)
β

RyRO(3, ji) ,

RyRC(4, ji)
α
β

RyRO(4, ji) .

(12)

The following reaction governs the transition between closed inactivated and open inactivated RyRs, which occurs

independently of the number of cytosolic Ca2+ molecules bound to the activating and inactivating sites.

RyRCI
α
β

RyROI . (13)

The following reactions represent the transition between closed and closed-inactivated RyRs.

RyRC(ja, 0)
γ

RyRCI(ja, 0) ,

RyRC(ja, 1)
δ′

γ RyRCI(ja, 1) ,

RyRC(ja, 2)
δ′

γ RyRCI(ja, 1) ,

RyRC(ja, 3)
δ′

γ RyRCI(ja, 3) ,

RyRC(ja, 4)
δ′

γ RyRCI(ja, 4) .

(14)

The inactivation rate δ′ is nonzero if at least one Ca2+ molecule is bound to an inactivation site. The following

reactions represent the transition between open and open-inactivated RyRs.

RyRO(ja, 0)
γ

RyROI(ja, 0) ,

RyRO(ja, 1)
δ
γ RyROI(ja, 1) ,

RyRO(ja, 2)
δ
γ RyROI(ja, 2) ,

RyRO(ja, 3)
δ
γ RyROI(ja, 3) ,

RyRO(ja, 4)
δ
γ RyROI(ja, 4) .

(15)

The inactivation rate δ is nonzero if at least one cytosolic Ca2+ molecule is bound to the inactivation site.

RyR flux rate Once the RyRs are opened, Ca2+ can efflux from the ER to the cytosol due to the Ca2+ concentration

gradient. However, we assume a bidirectional reaction since a small influx from the cytosol into the ER is technically

also possible. The reaction describing the flux of Ca2+ is given by the following expression:

[Ca2+]ER +RyRO

kRyR

kRyR
[Ca2+]cyt +RyRO . (16)
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Table 3: Surface area, volume, and surface area to volume ratio (SA/V) for the different plasma membranes and ERs
used.

Idealized PM Realistic PM
Plasma membrane Plasma membrane

Surface Area 7.18µm2 6.63µm2

Volume 1.05µm3 0.67µm3

Ratio SA/V 6.83/µm 9.88/µm
Idealized ER Laminar SA Idealized ER Laminar SA

Surface Area 1.28µm2 2.20µm2 1.24µm2 2.40µm2

Volume 0.052µm3 0.049µm3 0.027µm3 0.027µm3

Ratio SA/V 24.47/µm 44.74/µm 45.8/µm 88.47/µm

The RyR reaction rate constant kRyR was set to a value of 1.09× 109 M–1s–1 as suggested by Singh et al. (50 ).

RyR density We could not find any direct measurements of RyR density in dendritic spines. However, this has

been studied in cardyomyocytes using super-resolution imaging (32, 33, 51 ). Shen et al. measured around 3.4 Ca2+

release units per µm3 in rat cardiomyocytes, with a Ca2+ release unit containing around 20 to 25 RyRs. Furthermore,

Hou et al. measured a Ca2+ release unit density of around 1.1 per µm2. To keep our RyR within a similar range

to these measured values in the homogeneous cases of both ER geometries we chose to place 60 RyRs and keep this

number constant for all distributions.

4.3.2 SERCA

We employ the same SERCA pump model as in (4 ), which was originally formulated in (19 ). The SERCA density at

the membrane is 1000 µm–2 (19 ). We estimated the SERCA Ca2+ leak parameter by optimizing the ODE curve to

match the experimental data from (22 ), see Figure S2C.

4.4 ODE model

In order to optimize the parameters kd and kS,leak, which represent the Ca2+ decay and SERCA leak terms respectively,

we developed a compartmental ODE version of the model. We used VCell (52 ) to formulate the initial flux equations

between compartments and ran the model in MATLAB using the ode solver ode15s. A schematic of the compartments

used for the ODE model is given in Figure S2A. The model was first developed without a SA compartment in order

to confirm that the ODE model matched the spatial simulations with no ER as described by Bell et al. (4 ), see

Figure S3A. Next, an inactive ER compartment, including SERCA but no RyRs, was added to the ODE model, which

was used to replicate the corresponding MCell simulations, see Figure S3B. Lastly, RyRs were included in the ER

compartment of the ODE model. As described in Section 4.3.1 the RyR model we considered contains 100 states.

A model with 100 states would be very complex to be implemented in an ODE model. However, this model is a

detailed expansion of a four state model originally formulated by Stern et al. (48, 49 ) which allows for particle-based

simulations. Therefore, we implemented the four state model within the ODE framework and reliably replicated the

dynamics obtained using the spatial stochastic particle-based simulations (Figure S2B). This ODE model was then

used to calculate the parameters kd and kS,leak by fitting them to experimental data from Segal et al. (22 ) using the

MATLAB function for solving non-linear least squares problems lsqnonlin (Figure S2C).
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Table 4: Number of NMDAR, AMPAR and glutamate used for the idealized and realistic plasma membrane simula-
tions. The density of the receptors and the ratio of glutamate to receptors are kept constant in both plasma membrane
geometries.

Idealized PM Realistic PM
Site 1 Site 2

Surface Area of PSD 0.21µm2 0.15µm2 0.18µm2

Number of NMDAR 35 26 30
Number of AMPAR 278 204 237
Number of glutamate 500 367 426

4.5 Stimulus and further simulation details

We use the same stimulus approach as in (4, 19 ), which consists of a plasma membrane depolarization and glutamate

release that activates the N-methyl-D-aspartate receptors (NMDARs) (Figure 2). The plasma membrane depolar-

ization includes an excitatory postsynaptic potential (ESPS) and a back propagating action potential (BPAP). The

glutamate molecules are released instanteneously at the geometrical center of the PSD.

A further point of discussion is the SERCA distribution. Basnayake et al. (27 ) measured SERCA to be mostly located

at the synaptopodin sites, which correspond with the sites with highest laminarity. However, by increasing the surface

area towards the upper part of the spine apparatus and keeping the SERCA density constant we ensured that a higher

number of SERCA was located there.

An initial Ca2+ concentration of 150 µM is assumed in the cytosol prior to the stimulus. After glutamate release,

Ca2+ is released through NMDARs (in the post synaptic density) and VSCCs (in the plasma membrane) due to

glutamatergic simulation in the center of the PSD and plasma membrane depolarization. Through the mechanism

known as Ca2+-induced Ca2+ release, further Ca2+ ions are then released from the RyRs. At the longitudinal ends

of the dendrite, reflective boundary conditions were assumed.

For each simulation setup, we ran 250 realizations in MCell4 (37 ) and calculated mean number of Ca2+ ions and

standard error of the mean. The Ca2+ transient plots are generated using stdshade (53 ) in Matlab version 2022a. In

RyR distributions and geometries with less than 50 opened RyRs, we ran 150 or so further simulations. The number

of simulations with open RyRs and the total number of simulations is given in Table S1.

4.6 Geometries

In order to study the effects of the SA on Ca2+ handling we utlized idealized and realistic geometries of both the

plasma membrane and the ER. Figure 2C depicts the four geometries used in this work, which are a combination of

idealized and realistic plasma membrane and non-laminar SER and laminar SA.

For the idealized plasma membrane geometry, we used the mushroom shaped spine geometry from (4, 10 ). We

expanded this original idealized geometry to include a piece of dendrite in order to calculate how much Ca2+ reaches

the dendrite in different conditions. The included dendrite consists of a cylindrical structure with a diameter of 1 µm

as described in (54 ) and a length of 1 µm (Figure S2D). The ratio between spine apparatus diameter in the dendrite

to dendrite diameter was set to 0.166 µm as described in (55 ). A comparison between simulations including a piece of

dendrite and the simulations from Bell et al. if given in Figure S2E. For the ER geometries used in the geometries with

idealized plasma membranes, we also differentiated between non-laminar SER and laminar SA. For the non-laminar
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Figure 3: Effect of RyR distribution on Ca2+ dynamics in idealized spine and non-laminar SER. A:
Distributions of RyR considered in idealized SER geometries. B: RyR opening probability for each distribution. The
bars represent the maximum likelihood estimate of the opening of the RyRs. A total of 250 simulations were run. The
p values for the RyR opening probability where calculated from Fisher’s exact test. C: Number of Ca2+ ions in the
spine (left) and dendrite (right) for a single simulation. D: Number of Ca2+ ions in the spine (left) and dendrite (right)
for those simulations containing at least one RyR opened n. E: Number of Ca2+ ions in the spine (left) and dendrite
(right) for those simulations containing closed RyRs N\n. F: Max number of Ca2+ ions at the spine calculated for
each simulation. G: Max number of Ca2+ ions at the dendrite calculated for each simulation. H: Area under the
curve for number of Ca2+ ions reaching the dendrite (D-E right panels). In plots D-E mean and standard error of the
mean are shown. ANOVA and Tukey’s test was performed at times 15 ms, 22.5 ms, and 30 ms with respect to the
head distribution. For plots F-H mean and standard error of the mean is shown and the p values are calculated with
ANOVA and Tukey’s test. Statistically significant differences are indicated as *p < 0.05, **p < 0.01 and ***p < 0.001.
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case, we used the same approach as in (4, 11 ) by considering a “spine within a spine”. However, the shape of the

mature SA is characterized by its laminar structure consisting of stacked ER cisternae (18 ). Thus, we also designed

an idealized SA with laminar stacked discs.

For the realistic spine geometry, we use the plasma membrane and SA segmented and meshed by Lee et al. (56 ),

originally imaged by Wu et al. (20 ) using focused ion beam scanning electron microscopy in the mouse cerebral cortex.

The realistic SA from Lee et al. (56 ) demonstrates the characteristic laminar shape. The realistic plasma membrane

geometry includes two PSDs in contrast to the single PSD of the idealized geometry Figure 4A. For both the idealized

and the realistic plasma membrane glutamate was released at the center of the single PSDs at the beginning of the

simulation and the values are given in Table 4. In order to systematically study the effect of laminar SA structures,

we additionally included an idealized non-laminar ER geometry for the realistic plasma membrane by removing the

laminarity and smoothing the ER. The laminar structure of a SA results in a much higher surface area to volume ratio

in the ER head. The differences in surface area, volume, and surface area to volume ratio of all spine apparatuses are

given in Table 3.

5 Results

To understand the relationship between spine geometry, ER geometry, and RyR localization, we used both idealized

and realistic geometries from the literature (10, 56 ) in a spatial, particle-based stochastic model implemented in MCell4

(37 ) and stimulated NMDAR and VSCC activation by including both membrane depolarization and glutamate release.

Our simulations reveal the following relationships: RyR opening probability is location-dependent and spine geometry

dependent. Importantly, mobile and immobile Ca2+ buffers and SERCA can provide some buffering against runaway

potentiation of spines even when CICR is activated. For higher Ca2+ levels in spine heads, non-laminar SER and

high NMDAR opening, with RyR localized at the head are favorable. For higher Ca2+ levels in the dendrite, with a

potential for spine-to-spine communication, laminar SA and neck localization of RyR is favorable. We elaborate on

these findings below.

5.1 RyR distribution affects opening probability and Ca2+ dynamics in an idealized,

non-laminar SER

To study the effect of different spatial distributions of the RyRs within the spine apparatus, we first assumed a

smooth, idealized geometry for both the plasma membrane and non-laminar SER (Figure 2C.i). We investigated

Ca2+ dynamics for four different RyR distributions in this geometry: a homogeneous distribution throughout the

whole SER section (Homog. setup), RyRs concentrated at the uppermost part of the spine apparatus close to the

PSD (Head setup), RyRs concentrated in the spine neck but completely within the spine volume (Neck setup), and

RyRs concentrated in the lowest part of the spine apparatus which overlaps both the spine and dendrite volumes (Low

neck setup) (Figure 3A). In all cases, the total number of RyRs was held constant (60 RyRs) (Section 4.3.1) and we

conducted |N| = 250 simulations for each scenario. As we and others have shown before (32, 34 ), due to the stochastic

nature of the model, RyRs open only in a subset of those simulations n ∈ N. Thus the remaining set N\n is the set

of simulations where RyRs did not open.

We observed that the location of the RyRs significantly impacts the probability of RyR opening during a given
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simulation (Figure 3B). When RyRs are close to the PSD (Head), the opening probability is highest (32.22%±5.95%),

and when the RyRs are located further from the PSD, the RyR opening probability decreases (in the lower neck

configuration, 8.91% ± 3.64%). Next, we studied the effect of different RyR distributions along the spine apparatus

on the Ca2+ dynamics in both the spine and the dendrites (Figure 3C). Figure 3C.i and C.ii show the Ca2+ dynamics

of a single seed for each RyR distribution in the spine and in the dendrite (Figure S2), respectively. In general, we

observe that the spine has higher Ca2+ than the dendrite in these simulations.

We next separated the cases where the RyRs open (n, Figure 3D) versus closed (N\n, Figure 3E) to understand how

different sources and sinks contribute to Ca2+ dynamics. The Ca2+ averaged over all simulations N is a combination

of the subset of simulations with open and closed RyRs weighted by their opening probability and is given in Figure S4.

To quantify the differences in the Ca2+ ion curves we performed ANOVA and Tukey’s test at timesteps 15 ms, 22.5

ms, and 30 ms between the different distributions and the head distribution. As expected, in the simulations in n, the

cytosolic Ca2+ in the spine is significantly higher than in the case when the RyRs remain closed (compare Figure 3D.i,

E.i). When the RyRs are located closer to the PSD (head and homogeneous cases), Ca2+ is higher in the spine region

and more RyRs tend to open, which through CICR leads to a higher Ca2+ peak in the spine (Figure 3D.i). This trend

is reversed in the case when the RyRs do not open N\n (Figure 3E.i) because in this case RyRs merely act as Ca2+

buffers. As we will see later, buffering plays an important role in modulating Ca2+ dynamics in the spine. Next, we

analyzed the differences in Ca2+ number in the dendrite based on RyR localization (Figure 3D.ii, E.ii). The amount

of Ca2+ in the dendrite serves as a marker for synaptic transmission (57 ). In general, less Ca2+ ions are observed in

the dendrite than in spines due to buffering (compare left and right panels in Figure 3D and E). In the simulations

with open RyR n, the highest number of Ca2+ ions in the dendrite corresponds to the lower neck RyR distribution,

followed by the neck distribution. In the case where RyR are localized to the head, a significantly lower amount of

Ca2+ reaches the dendrite (Figure 3D.ii). As expected, in cases where the RyRs remain closed, the trends for Ca2+

in the dendrites are reversed (Figure 3E.ii).

To further analyze these Ca2+ trends numerically, we computed the mean and standard error of the mean for the

maximum value of Ca2+ ions for each single simulation both in the spine (Figure 3F) and in the dendrite (Figure 3G).

We observed that for the cases where RyRs were open, high Ca2+ in the spine is achieved when RyRs are in the

head (1306.3 ± 50.02 in the head compared to 902.2 ± 62.52 in the low neck) and high Ca2+ reaches the dendrite

when the RyRs are located in the neck (71.2 ± 6.38 in the head compared to 211.2 ± 21.96 in the low neck). In the

closed cases, the opposite trend is observed, with more Ca2+ ions reaching the dendrite when the RyR are in the head

(96.4± 7.49 in the head compared to 73.3± 4.75 in the low neck) even though there are lower number of ions in the

spine (837.0± 19.29 in the head compared to 1014.7± 24.64 in the low neck). The total number of Ca2+ ions reaching

the dendrite, as indicated by the area under the curve of ions also showed the same trends (compare Figure 3G and

Figure 3H). Thus, our results suggest that the location of RyR plays a critical role in determining the spatial impact

of RyR opening probability and CICR, thereby affecting spine and dendrite Ca2+ concentrations. The differences in

dendrite Ca2+ concentrations based on RyR location can have implications for neuronal downstream signalling.
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Figure 4: Effect of plasma membrane geometry on NMDAR opening. A: Idealized and realistic plasma
membrane geometries with the PSD area marked in gray. B: Schematic of NMDAR reaction rate model. C: NMDAR
opening probability for the idealized plasma membrane geometry. D: NMDAR opening probability for the realistic
plasma membrane geometry. E: Probability of each NMDAR state per reaction. The p values were calculated using
a two sample t-test. Statistically significant differences are indicated as *p < 0.05, **p < 0.01 and ***p < 0.001. F:
Averaged number of NMDAR in state C1. G: Averaged number of NMDAR in state C2.

17

preprint (which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for thisthis version posted September 22, 2023. ; https://doi.org/10.1101/2023.09.22.558941doi: bioRxiv preprint 

https://doi.org/10.1101/2023.09.22.558941


Figure 5: Effect of RyR distribution on Ca2+ dynamics in realistic spine and non-linear SER. A: RyR
distributions considered in the idealized SER geometries. B: RyR opening probability for each distribution. The bars
represent the maximum likelihood estimate of the opening of the RyRs. The p values for the RyR opening probability
where calculated from Fisher’s exact test. C: Number of Ca2+ ions in the spine (left) and dendrite (right) for a
single simulation. D: Number of Ca2+ ions in the spine (left) and dendrite (right) for those simulations containing
at least one RyR opened n. E: Number of Ca2+ ions in the spine (left) and dendrite (right) for those simulations
containing closed RyRs N\n. F: RyR opening probability for each distribution including how many of the simulations
contain opened NMDARs and how many closed NMDARs. G: Area under the curve for number of Ca2+ ions in
spine. H: Area under the curve for number of Ca2+ ions reaching the dendrite (D-E right panels). In plots D-E mean
and standard error of the mean are shown. ANOVA and Tukey’s test was performed at times 15 ms, 22.5 ms, and
30 ms with respect to the head distribution. For plots G-H mean and standard error of the mean is shown and the
p values are calculated with ANOVA and Tukey’s test. Statistically significant differences are indicated as *p < 0.05,
**p < 0.01 and ***p < 0.001.
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5.2 RyR localization in the neck increases Ca2+ in the dendrite in a realistic plasma

membrane geometry

Next, we sought to understand how changing the plasma membrane geometry would affect the opening probability

of NMDAR (Figure 4). In the realistic PM geometry, there are two PSDs (Figure 4A) compared to one PSD in

the idealized PM geometry. We first simulated one PSD at a time in the realistic geometry (Figure S6). We found

that this resulted in few NMDAR opening and therefore decided to stimulate both PSDs simultaneously to ensure

sufficient Ca2+ influx into the spines. We used a model that allows NMDAR to exist in different states based on

Ca2+ binding and glutamate binding Figure 4B. Both receptor density and glutamate to NMDAR ratio were kept

constant throughout the simulations with realistic and idealized PM as shown in Table 4. We found that the opening

probability of NMDAR was significantly higher in the idealized PM (Figure 4C) than in the realistic PM (Figure 4D).

We conducted simulations in both geometries with only NMDAR (without AMPAR) to understand why this was

happening. When analyzing the different NMDAR states in both the realistic and the idealized plasma membrane,

we observed that the activation of C2 state of the NMDAR model was much lower in the realistic plasma membrane

configuration compared to the idealized plasma membrane (Figure 4E). Furthermore, when analyzing the average

number of NMDAR molecules at state C1 and C2, the idealized PM showed much higher numbers than the realistic

PM (Figure 4F and Figure 4G), despite having a lower initial total number of NMDAR receptors at state C0 (Table

4). This indicates that glutamate binding to the NMDARs is reduced in the realistic plasma membrane than in the

idealized configuration due to geometrical factors. The PSD areas of the realistic plasma membrane geometry are less

concave and regular than the PSD on the idealized plasma membrane. This could justify why in the idealized case

the glutamate stays near the PSD area longer, since the concavity “traps” the glutamate molecules. (Figure S7).

Using this realistic PM, we next studied the effects of RyR distribution using a realistic plasma membrane geometry

from mouse cerebral cortex spines (20, 56 ). We smoothed out the measured realistic SA head (Figure 2.iv) to obtain

a non-laminar ER head (Figure 2.iii) and kept the realistic ER in neck and dendrites. This allows us to assume a

non-laminar SER and run simulations that are comparable to our non-laminar SER and idealized plasma membrane

configuration. In this case, we used three RyR distributions: Homog., Head, and Neck (Figure 5A), eliminating “low

neck” due to the thin neck geometry. We found that in this hybrid spine apparatus geometry, the opening probability

of RyRs P(n) still strongly depends on the RyR distribution, but is different from the idealized geometry (Figure 5B).

In this case, the highest opening RyR probability 36%± 6% was obtained when concentrating the RyRs towards the

neck of the spine apparatus, followed by the head (24% ± 5%) and the homogeneous distribution (18% ± 5%). Both

the homogeneous and head distributions showed a statistically significant lower opening probability when compared

to the neck distribution. This is related to the fact that less NMDARs are opened in the realistic PM than in the

idealized PM (compare Figure 5F and Figure S8). Therefore, in the realistic case, the Ca2+ influx into the dendritic

spines is more likely to occur through the VSCCs than through the NMDARs. Since the neck distribution is located

closer to the plasma membrane, and the VSCCs are located homogeneously throughout the spine plasma membrane,

the neck distribution shows higher RyR opening probabilities.

Figure 5C shows the Ca2+ dynamics for a single simulation at the different RyR distributions. In terms of Ca2+

dynamics we observe the same trends as in the idealized plasma membrane geometry (Figure 3). For simulations

with opened RyRs n, high Ca2+ in the spine is achieved when RyRs are in the head and high Ca2+ reaches the
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dendrite when the RyRs are located in the neck (Figure 5D, G, H). In the simulations with only closed RyRs N\n, the

opposite trend is observed, with more Ca2+ ions reaching the dendrite when the RyR are in the head (Figure 5E.ii,

G, H). Higher Ca2+ reaches the dendrite in the neck distribution, combined with higher RyR opening probability in

the realistic plasma membrane indicate that the RyR neck distribution is the most efficient RyR distribution when

accounting for increased spine-to-dendrite communication.

5.3 Increased ER laminarity decreases RyR opening probability and Ca2+ concentra-

tion in the spine

The ER in neurons is highly dynamic and it has been shown to enter and exit spines in an activity-dependent

manner (18 ). Recently, Perez-Alvarez et al. (58 ) showed that transient ER visits in dendritic spines were mostly

synaptopodin negative, whereas 90% of the spines containing stable ER were synaptopodin positive. This suggests

that a spine apparatus, whose characteristic laminar SA shape is highly related to synaptodopin (18 ), is more likely

to be present in ER stable spines, whereas transient ER visits in spines are more likely to manifest a non-laminar

SER. To investigate how the laminarity of the SA would impact Ca2+ dynamics, we next simulated ER geometries

with laminarities and compared them against non-laminar SER geometries.

We first conducted simulations with the realistic plasma membrane used in Figure 5 combined with the realistic

laminar SA measured by Wu et al. (20 ). The SA geometry was segmented and meshed by Lee and Laughlin et

al. (56 ) (Figure 2C.iv). We found that when the ER has a laminar geometry (SA), a higher opening probability

is observed when the RyRs are located towards the neck (Figure 6B), similar to observations in the non-laminar

SER geometry. We found that the proportion of open RyR simulations containing opened NMDARs was quite low

(Figure 6F), as was the case in the realistic plasma membrane with non-laminar SER geometry. Figure 6C shows

examples of single-simulation Ca2+ dynamics for each RyR configuration both in the spine (Figure 6C.i) and in the

dendrite (Figure 6C.ii). In cases where the RyRs open (n), the neck setup leads to a significantly lower number of

Ca2+ ions in the spine (Figure 6D.i) than when the RyRs are localized to the head or when they are homogeneously

distributed. However, this effect is reversed when considering how much Ca2+ reaches the dendrites, with the head

RyR localization having the lowest Ca2+ in the dendrite (Figure 6D.ii). This significant difference was also observed

when analyzing the total number of Ca2+ (area under the curve) in the spine (Figure 6G) and dendrites (Figure 6H).

In this case, there are also long time differences in Ca2+ in the dendrites in the homogeneous configuration suggesting

that there is a cross talk between RyR localization, Ca2+ in the spine, and Ca2+ in the dendrite. In the simulations

where the RyRs stay closed N\n the differences in Ca2+ are small, but more Ca2+ reaches the dendrites if the RyRs

are placed towards the head of the SA (Figure 6E.ii and Figure 6H). Furthermore, the results for the laminar SA

combined with an idealized plasma membrane are given in Figure S5.

Non-laminar tubules of SER enter dendritic spines (18 ), while in more mature and stable spines the characteristic

laminar SA structure is observed (2, 58 ). This physiological differences between nascent ER and mature SA motivated

us to study whether there are any differences in spine-to-dendrite communication based on geometrical properties of

the ER in the dendritic spines. To fully understand the effect of laminarity, we directly compared simulations of

laminar and non-laminar ER structures (Figure 7) for different PM geometries. In all cases, the RyR number was

kept constant, as was the SERCA density. We found that the RyR opening probability was lower in the laminar

case than in the non-laminar case for all distributions of RyR (Figure 7A). As a result, the maximum Ca2+ in the
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Figure 6: Effect of RyR distribution on realistic plasma membrane and laminar SA. A: RyR distributions
considered in the realistic SA geometries. B: RyR opening probability for each distribution setup. The bars represent
the maximum likelihood estimate of the opening of the RyRs. The p values for the RyR opening probability where
calculated from Fisher’s exact test. C: Number of Ca2+ ions in the spine (left) and dendrite (right) for for a single
simulation. D: Number of Ca2+ ions in the spine (left) and dendrite (right) for those simulations containing at least
one RyR opened n. E: Number of Ca2+ ions in the spine (left) and dendrite (right) for those simulations containing
no open RyRs N\n. F: RyR opening probability for each distribution including how many of the simulations contain
opened NMDARs and how many closed NMDARs. G: Area under the curve for number of Ca2+ ions in spine. H:
Area under the curve for number of Ca2+ ions reaching the dendrite (Fig. D-E right panels). In plots D-E mean and
standard error of the mean are shown. ANOVA and Tukey’s test was performed at times 15 ms, 22.5 ms, and 30 ms
with respect to the head distribution. For plots G-H mean and standard error of the mean is shown and the p values
are calculated with ANOVA and Tukey’s test. Statistical significant differences are indicated as *p < 0.05, **p < 0.01
and ***p < 0.001.
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Figure 7: Comparison between a non-laminar SER and a laminar spine apparatus for both plasma
membrane geometries. A: RyR opening probability comparing non-laminar SER and laminar SA for both plasma
membrane geometries. B: Comparison between number of Ca2+ ions assuming non-laminar and laminar ER in the
spine (i and ii) an in the dendrite (iii an iv) for both idealized (i an iii) and realistic plasma membrane geometries (ii
and iv). Mean and standard error of the mean is shown. A two sample t-test was performed at times 15 ms, 22.5 ms,
and 30 ms. C: Maximum number of Ca2+ ions at the spine calculated for each simulation. D: Maximum number of
Ca2+ ions at the dendrite calculated for each simulation. For plots C-D mean and standard error of the mean is shown
and the p values are calculated with a two sample t-test. Statistical significant differences are indicated as *p < 0.05,
**p < 0.01 and ***p < 0.001.
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spines was also lower in the laminar case when compared to the non-laminar case (Figure 7B.i, ii and Figure 7C). We

further investigated the different sources and sinks of Ca2+ in the spine. One of the main changes that comes with

adjusting SA laminarity is surface area of the membrane. When the surface area of the SA changes, the number of

SERCA pumps changes because we maintained the density constant based on the fact that SERCA was observed on

experimental observations to be placed towards the head, where the laminarity of the SA is located (17, 27 ). As a

result, more Ca2+ is pumped back into the SA in the laminar case, whereas increased Ca2+ in the spine is observed in

the non-laminar case. To understand these effects, we ran simulations on non-laminar and laminar ER containing only

SERCA and no RyR and the same effects were observed (Figure S9A). However, there is no change in the Ca2+ in

the dendrite because of Ca2+ buffering by mobile and immobile buffers (Figure S9B). Furthermore, when the number

of SERCA, rather than the density is kept the same in the laminar and non-laminar geometries, we found that these

spatial effects were eliminated (Figure S9C). Thus, our analysis suggests that the complex Ca2+ dynamics are not

simply modulated by geometric factors such as surface-to-volume ratio but rather the balance between sources and

sinks on different surfaces and volumes. When we now compare the Ca2+ in spines with either idealized PM or realistic

PM, we find that spine Ca2+ is higher in the non-laminar case than in the laminar case (Figure 7C). Conversely, when

RyRs are concentrated at the neck, the laminar SA structure leads to non statistically significant more Ca2+ reaching

the dendrite compared to non-laminar geometries (Figure 7D). Thus, our simulations predict that laminar SA structure

is effective at increasing Ca2+ concentration in the dendrite. This may have potential consequences for how spines

communicate with one another.

6 Discussion

In this work, we sought to decipher the role of the ER in regulating spine and dendrite Ca2+ dynamics. However, this

is a complex problem where one needs to consider the geometry of the spine and the geometry of the ER itself. In

some nascent spines, transient SER are dominant while more mature spines tend to contain a specialized form of the

SER, the SA. The precise functional differences between the SER and the SA remain elusive. Morphological changes

in the SA have been observed after the induction of long-term potentiation (16, 59 ), and ER disturbances have been

seen in a number of neurodegenerative disorders (60 ).

Here, we implemented a stochastic particle-based model of Ca2+ transients in dendritic spine to understand how RyR

distributions on the SER and SA, as well as ER laminarity, affect Ca2+ dynamics. The model was implemented on an

idealized spine plasma membrane as well as on a realistic spine reconstructed from hippocampal rat neurons (20, 56 ).

First, to disentangle the contribution of membrane geometry on Ca2+ dynamics we use both an idealized spine plasma

membrane and an idealized SER. We found that RyR distribution impacts the likelihood of RyR opening and Ca2+

dynamics. In particular, our model predicts that distributing the RyRs towards the neck of the ER, as they have been

suggested to be preferentially located (27 ), results in a higher peak Ca2+ and total number of Ca2+ ions reaching

the dendrite if the RyRs open, whereas concentrating RyRs in the head results in higher spine Ca2+ but a lower

number of ions reaching the dendrite. Our results on the efficiency of localizing the RyRs towards the neck match

previously reported results in a computational study replicating a Ca2+ uncaging stimulus (27 ). A larger amount of

Ca2+ reaching the dendritic shaft could have downstream consequences activating other organelles in the dendrite as

well as in spine-to-spine communication or spine clustering (61 ). This becomes especially important when we consider

the fact that SA is found in more mature spines which tend to be clustered close to smaller spines. We found that the
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trends in Ca2+ are consistent and statistically significant throughout the different geometries distributing the RyRs

towards the neck or head.

Interestingly, opposite trends were observed on simulations where the RyRs stayed closed, with more Ca2+ reaching

the dendrite if the RyRs were located towards the head of the ER. These differences between open and closed RyRs

are related to the fact that RyRs are activated through Ca2+-induced Ca2+ release. Thus, RyRs act as a Ca2+

source when activated, but as a Ca2+ buffer if they remain closed. A further takeaway is the effect of the plasma

membrane geometry on RyR opening probability. The shape of the plasma membrane has an effect on glutamate

binding to the NMDARs. While the simulations with opened RyRs in the idealized plasma membrane contained

mostly opened NMDARs, this was not the case in simulations in the realistic plasma membrane, where most of the

RyR activation occurred via Ca2+ influx through the VSCCs. As a result the realistic plasma membrane showed

the highest RyR opening probability when placing the RyRs towards the neck of the ER. Imaging experiments have

shown that VSCC-mediated Ca2+ influx dominates the Ca2+ dynamics in dendritic spines (62–64 ), as was the case

in simulations with realistic plasma membrane geometries. The fact that a higher RyR neck opening probability is

achieved when VSCC Ca2+ influx dominates further emphasizes the importance of RyR localization towards the neck

to improve spine-to-dendrite communication.

Furthermore, the laminarity of the SA affects both the opening probability of the RyRs and the Ca2+ transients. In

both idealized and realistic plasma membranes we observed that ER laminarity (a common characteristic of mature

SA geometries) leads to a lower RyR opening probability and a slightly higher, statistically non-significant, number

of Ca2+ ions reaching the dendrite. This result is an outcome of the complex interplay between geometry, SERCA,

and Ca2+ buffers. Although a detailed understanding of the mechanisms of the ER anchoring to the dendritic spine

and the formation of SA still remains elusive (18, 65 ), recent studies have shown that spines with transient ERs were

mostly synaptopodin negative, while synaptopodin was detected in 90% of stable ER spines (58 ). This, together with

the fact that synaptopodin contributes to the characteristic laminar disc structure of SA (65 ), suggests that laminar

SA are more related to stable ER spines than non-laminar ER geometries. The outcomes of our study give further

insight into the effects and differences between laminar and non laminar ER structures on Ca2+ transients, and provide

evidence that mature, laminar SA structures are more likely to facilitate efficient spine-to-dendrite communication.

One limitation of our study is related to the gating rates of the RyR model used. The RyR model was taken from

Tanskanen et al. (41 ), which was designed to replicate RyR dynamics in cardiac myocytes. However, due to the

difficulty of measurements in small volumes of single spines (66 ) we could not find any experiments related specifically

to the gating of RyRs in these structures. While we acknowledge that our simulations might not match the quantitative

RyR opening probabilities measured in spines, our results give insights into the qualitative trends that different RyR

distributions have on RyR opening probabilities. To account for this unknown related to realistic probability of RyR

opening during a given stimulus event, we have divided the simulation result set N into two subsets n and N\n, those

containing at least one open RyR throughout the simulation and that only have closed RyRs, respectively. This allows

us to understand the effect of RyR opening independent of the RyR opening probability. Previous experimental studies

have reported a contribution of RyR mediated Ca2+ release to long-term potentiation (LTP) (67–69 ). Furthermore,

a recent study has proposed that RyRs amplify Ca2+ signals generated at the dendritic spines following stimulation

of postsynaptic NMDA receptors (70, 71 ). Therefore, it is likely that the quantitative opening probability of RyRs in

spines is higher than those measured in our simulations. Nevertheless, our results give new insights in understanding
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the effect of an active ER and RyRs on spine-to-dendrite Ca2+ communication.

We were unable to find any experimental data regarding the direct measurement of Ca2+ concentration within the SA.

We chose a ER Ca2+ concentration of 150 µM as used in a previous computational model on cerebellar Purkinje cells

(42 ) which used a value measured in mouse pancreatic acinar cells (72 ). In cardiomyocytes, however, sarcoplasmic

reticulum concentrations have been measured up to 1.2-1.8 mM (73 ). Due to the high variability in ER Ca2+ con-

centrations, further experimental investigation is required to constrain the values for Ca2+ concentration in dendritic

spines. Furthermore, as shown by Dittmer et al. (74 ) increased ER content could increase the Ca2+ storage capacity

of spines, which is associated to large storing capacity of large spine volumes as observed during LTP.

Computational models help explore biophysical processes in dendritic spines over several timescales going from a few

milliseconds (4, 27, 29 ) to several minutes (12, 75, 76 ) of Ca2+ signaling. Our model shows how the interplay,

between NMDAR, VSCCs, ER geometry, RyR location, Ca2+ buffers and SERCA modulate Ca2+ dynamics and can

have effects on downstream signaling and spine-to-dendrite communication. We note that our results are focused on

early stage membrane depolarization stimulus and the impact of these effects should be studied for longer events,

and high frequency stimulation of the spines (77, 78 ). It has been shown that Ca2+ influx through the L-type Ca2+

channels leads to further release of ER Ca2+ (79 ) at the timescale of several seconds. Furthermore, it has been

recently reported that Ca2+ efflux from CICR mechanisms activates stromal interaction molecule 1 (STIM1) feedback

inhibition of L-type Ca2+ channels (74, 79 ). Therefore, future studies with longer simulation events should include

the crosstalk between ER, L-type Ca2+ channels and STIM1 to understand how RyR distribution and ER laminarity

might affect this mechanism. Future studies should also investigate how our results affect other neuronal downstream

signaling, such as the influence of Ca2+ on gene transcription at the nucleus (14 ) and other signaling pathways.
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8 Supplemental material

Figure S1: Comparison of model implementation in MCell3 and MCell4. A: Simulations were ran without
spine apparatus in MCell4 and are compared to the mean value from Bell et al. (4 ), where they used MCell3. B:
Simulations were ran with an inactive spine apparatus (only including SERCA) in MCell4 and are compared to the
mean value from Bell et al. (4 ), where they used MCell3. In both figures mean and standard deviation of the number
of Ca2+ ions is shown.

Table S1: Number of opened RyRs and number of total simulations ran.

Homog. Head Neck Low neck
Ideal PM Idealized ER 60/250 80/250 54/250 21/250
Ideal PM Laminar SA 39/400 52/250 55/398 –
Real PM Idealized ER 45/249 59/249 90/249 –
Real PM Laminar SA 47/398 45/250 68/250 –
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Figure S2: Model calibration. A: Schematic of the compartmental ODE model used for the parameter estimation.
B: Comparison between the ODE model and the MCell simulations, assuming a homogeneous distribution of the
RyRs. C: ODE model optimized to fit the experimental data from Segal et al. (22 ). Our data is compared to further
experimental measurements (27 ) and to other computational models (19 ). D: Spine with dendrite used for the ideal
case simulations. The mushroom shape spine was extended with a cylinder to simulate the dendrite. E: Comparison of
the MCell simulations between using only a mushroom shaped spine and using the geometry in A. Mean and standard
error of the mean are shown. F: Throughout the paper the results will show Ca2+ transients at the spine and dendrite.
Panel F depicts the geometric compartments used to delineate these measurements.

Figure S3: Comparison of ODE model with simulations ran in MCell4. A: Simulations were ran without
spine apparatus in MCell4 and using the compartmental ODE model. Mean and standard error of the mean are
compared. B: Simulations were ran with an inactive spine apparatus (only including SERCA) in MCell4 and using
the compartmental ODE model. Mean and standard error of the mean are compared.
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Figure S4: Ca2+ dynamics in spine and dendrite averaged over all simulations N for the idealized
geometry with idealized ER A: Number of Ca2+ ions in the spine averaged over all simulations N. B: Number of
Ca2+ ions in the dendrite averaged over all simulations N. Mean and standard error of the mean are shown.
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Figure S5: Effect of RyR distribution on ideal spine geometry with an idealized laminar spine apparatus.
A: RyR distributions considered in the ideal spine with an idealized laminar spine apparatus. B: Opening probability
for each RyR distribution setup. The bars represent the maximum likelihood estimate of the opening of the RyRs.
C: Ca2+ dynamics in the spine and dendrite averaged over all N simulations. Mean and standard error of the mean
of all the simulations is shown. D: Ca2+ dynamics in the spine and dendrite averaged over simulations containing
at least one open RyR n. Mean and standard error of the mean of all the simulations is shown. E: Ca2+ dynamics
in the spine and dendrite averaged over simulations where all RyRs remained closed N\n. Mean and standard error
of the mean of all the simulations is shown. F: Mean of the maximum number of Ca2+ ions in the spine. The bars
represent the standard error of the mean. G: Mean of the maximum number of Ca2+ ions in the dendrite. The bars
represent the standard error of the mean. H: Mean of the area under the curve of Ca2+ ions in the dendrite. The
bars represent the standard error of the mean.
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Figure S6: NMDAR opening probability for single PSD stimulation in the realistic plasma membrane
geometry.

Figure S7: Glutamate diffusion after 0.1 ms in idealized and realistic plasma membrane.

Figure S8: RyR opening probability for each distribution including how many of the simulations contain
opened NMDARs and how many closed NMDARs for idealized PM.
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Figure S9: Supplemental comparison of effect of SERCA distribution an Ca2+ buffers in spine and
dendrite. A: Comparison between Ca2+ dynamics in an inactive ER (only SERCA) for both laminar and non-
laminar ER. B: Number of Ca2+ ions bound to fixed and mobile buffers in the inactive ER simulation setup. C: Ca2+

dynamics in an inactive ER (only SERCA) assuming constant number of SERCA.
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